The aim of this paper is to introduce the notion of symmetry in a Lévy market. This notion appears as a particular case of a general known relation between prices of put and call options, of both the European and the American type, that is also reviewed in the paper, and that we call put-call duality. Symmetric Lévy markets have the distinctive feature of producing symmetric smile curves, in the log of strike/futures prices.
Introduction
Change of numeraire -Change of probability measure is a well known technique in derivative pricing. Geman et al. (1995) observe that any positive price process can be used as a numeraire, establishing the consequences of the corresponding change of probability measure in a market model of continuous semimartingales; and apply their results to several derivative pricing situations, unifying and extending known results. After other developments, Schroder (1999) uses the reinvested and discounted stock price process as a numeraire, in a semimartingale model, extending an initial foreign currency result due to Grabbe (1983) . He obtains a call-put relationship that here we name duality. In this denomination we follow, on one side, the classical notion of dual Lévy process to refer to the opposite of a given Lévy process (see Bertoin (1996) ) that appears as the driving process after the change of numeraire and, on the other, Shepp and Shiryaev (1994) and Kramkov and Mordecki (1994) that name as dual measure the probability measure defined by Girsanov Theorem when this numeraire is used as the density process. We go further and refer to the dual market and dual stock price process to identify the market model under this new probability measure, and the resulting stock price process. A review of the notion of put-call duality in the framework of Itô processes can be found in Detemple (2001) . Our results were announced in Fajardo and Mordecki (2003) . Related results can be found in Eberlein and Papantaleon (2005) . In Fajardo and Mordecki (2005) we consider similar problems for time-changed Lévy processes. In the presented paper we derive the put-call duality in the framework of a Lévy driven stock market model. On one side our results are a particular case of the ones obtained by Schroder (Corollary 1, 1999) but, on the other, the nature of Lévy processes, besides giving the possibility of an elementary treatment (without the use of semimartingale calculus) give a precise description of the distribution of the dual stock price process in the dual market. This is done in Section 2. In Section 3 we introduce the notion of a symmetric Lévy market, to distinguish the situation when the discounted and reinvested stock in the original risk neutral market, and the corresponding dual price process under the dual measure have the same probability law. Put-Call symmetry was investigated by Carr and Chesney (1996) for diffusion models, generalizing the symmetry observed in the Black-Scholes model. We observe that the volatility smile curve constructed from option prices given by a symmetric Lévy market is a symmetric curve when plotted as a function of the logarithm of the ratio between the strike and the futures price. Our law characterization in the dual market gives as a consequence necessary and sufficient conditions for symmetry to hold, expressed in terms of the Lévy jump measure of the original process. This generalizes a result by Bates (1997) obtained in the Merton's (1976) jump diffusion model. Furthermore, in Section 4, assuming that the Lévy jump measure corresponding to the driving process has a specific particular form, that is used in practically all parametric models found in practice, we identify a "symmetry" parameter, and explore whether Lévy market models reported in the literature are symmetric. Our conclusion is that in general, symmetry does not hold. We give some conclusions and propose some topics for further research in Section 5.
Lévy processes and Duality
Consider a real valued stochastic process X = {X t } t≥0 , defined on a stochastic basis B = (Ω, F, F = (F t ) t≥0 , Q), being càdlàg, adapted, satisfying X 0 = 0, and such that for 0 ≤ s < t the random variable X t − X s is independent of the σ-field F s , with a distribution that only depends on the difference t − s. Assume also that the stochastic basis B satisfies the usual conditions (see [20] ). The process X is a Lévy process, and is also called a process with stationary independent increments (PIIS). For general reference on Lévy processes see [20] , [36] , [2] , [28] . For Lévy process in Finance see Boyarchenko and Levendorskii (2002) , Schoutens (2003) and Cont and Tankov (2004) . In order to characterize the law of X under Q, consider, for q ∈ R the Lévy-Khintchine formula, that states
a fixed truncation function, a and σ ≥ 0 real constants, and Π a positive measure on R \ {0} such that (1 ∧ y 2 )Π(dy) < +∞, called the Lévy mea-sure. The triplet (a, σ 2 , Π) is the characteristic triplet of the process, and completely determines its law. Consider the set
The set C 0 is a vertical strip in the complex plane. For arbitrary Lévy process this set contains the line z = iq (q ∈ R), and consists of all complex numbers z = p + iq such that E e pXt < ∞ for some t > 0. Due to the martingale condition in financial market models, we assume that E e X 1 < ∞, concluding that C 0 contains the strip 0 ≤ Re(z) = p ≤ 1. Furthermore, if z ∈ C 0 , we can define the characteristic exponent of the process X, by
this function ψ is also called the cumulant of X, having E e . The finiteness of this expectations follows from Theorem 25.3 in [28] . Formula (3) reduces to formula (1) when Re(z) = 0.
Lévy market
By a Lévy market we mean a model of a financial market with two assets: a deterministic savings account B = {B t } t≥0 , with
where we take B 0 = 1 for simplicity, and a stock S = {S t } t≥0 , with random evolution modelled by
where X = {X t } t≥0 is a Lévy process. In this model we assume that the stock pays dividends, with constant rate δ ≥ 0, and that the given probability measure Q is the chosen equivalent martingale measure. In other words, prices are computed as expectations with respect to Q, and the discounted and reinvested process {e
In terms of the characteristic exponent of the process this means that = 1, and condition (5) can also be formulated in terms of the characteristic triplet of the process X as
In the case, when
where W = {W t } t≥0 is a Wiener process, we obtain the Black-ScholesMerton (1973) model (see [3] , [23] ). In the market model considered we introduce some derivative assets. More precisely, we consider call and put options, of both European and American types. Denote by M T the class of stopping times up to a fixed constant time T , i.e:
for the finite horizon case and for the perpetual case we take T = ∞ and denote by M the resulting stopping times set. Then, for each stopping time τ ∈ M T we introduce
According to our analysis, (8) and (9) represent auxiliary quantities; additionally they are interesting in their own right as random maturity options, as considered for instance in Schroder (1999) and Detemple (2001) . If τ = T , formulas (8) and (9) give the price of the European call and put options respectively. For the American finite case, prices and optimal stopping rules τ * c and τ * p are defined, respectively, by:
and, for the American perpetual case, prices and optimal stopping rules are determined by
2.2 Put Call duality and dual markets Lemma 2.1 (Duality). Consider a Lévy market with driving process X with characteristic exponent ψ(z), defined in (3), on the set C 0 in (2) . Then, for the expectations introduced in (8) and (9) we have
is the characteristic exponent (of a certain Lévy process) that satisfies
and in consequence, Schroder (1999) and the results obtained in [12] and [16] . The main difference is that the particular structure of the underlying process (Lévy process are a particular case of the models considered in [32] If we take τ = T in the Duality Lemma we obtain the following put call relation. (8) and (9) we have
Remark 2.1. The presented Lemma is very similar to Proposition 1 in

Corollary 2.1 (European Options). For the expectations introduced in
with ψ andψ as in the Duality Lemma.
To formulate the duality result for American Options, we observe that the optimal stopping rules for the American Call and Put options have, respectively, the form
where 
with ψ andψ as in the Duality Lemma. Furthermore, when δ > 0, for the optimal stopping boundaries, we obtain that
In case δ = 0 we have
The relation between the stopping boundaries is analogous to the one for Itô processes obtained by Detemple (2001) (see equation (30)).
In what respects Perpetual Call and Put American Options, the optimal stopping rules have, respectively, the form (12) and (13) we have
with ψ andψ as in the Duality Lemma. Furthermore, when δ > 0, for the optimal stopping levels, we obtain the relation
Proofs
Proof of the Duality Lemma. Consider the martingale Z = {Z t } t≥0 defined by
Following Shiryaev et al. [35] we introduce the dual martingale measureQ given by its restrictionsQ t to F t by
where Q t (resp.Q t ) is the restriction of Q (resp.Q) to F t . Following (ii) in Theorem III.3.4 in Jacod and Shiryaev (1987), we know that the fixed time can be replaced by any stopping time in τ ∈ M T to give
where, as stated before, Q τ (resp.Q τ ) is the restriction of Q (resp.Q) to the σ-algebra
where the last equality is obtained using the martingale property of Z and the iterated expectations property. Furthermore,Ẽ denotes expectation with respect toQ, and the processX = {X t } t≥0 given byX t = −X t (t ≥ 0) is the dual process (see [2] ). In order to conclude the proof, that is, in order to verify thatẼ e −δτ
we must verify the dual processX is a Lévy process with characteristic exponent defined by (15) and (16) . First, for a complex z such that 1−z ∈ C 0 , we haveẼ
The integral term is transformed as follows: (6),
This concludes the proof.
Proof of Corollary 2.2 (American Options).
Formula (18) is obtained taking the supremum over all τ ∈ M T in equation (14) . Let us see then (19) . Assume first that δ = 0. Then, Merton's observation about the optimality of American Call options without dividends apply, in consequence prices of American Call and European options coincide with τ * c = T . By the Duality Lemma (or by the same reasoning with put options when r = 0) we obtain that τ * p = T . Assume now δ > 0. To prove (19), we apply the Duality Lemma for the optimal stopping time τ * c :
where the last equality follows from the fact that for each stopping time we obtain a call price equal to the corresponding put price, and τ * c gives the supremum. We express the stopping time τ * c in terms ofX, the dual process:
As, on the other side
, and the stopping region is unique, we obtain the identity (19) . 
Proof of Corollary 2.3 (Perpetual Options
Introduce
X t and I r = inf
where τ (r) is an exponential random variable with parameter r > 0, independent of X, and τ (0) = ∞. For the optimal stopping rule ( [25] ), given by
From this, taking into account (22), we obtain that lim T →∞
C(S 0 , K, r, δ, T, ψ) = C(S 0 , K, r, δ, ψ).
The argument for the Put perpetual option is similar, giving
The equality in (20) then follows taking limit as value T → ∞ in (18) . (b) Assume now δ = 0. By Merton's observation, we have
similarly for the Put case, and the conclusion follows as before. Let us see (21) . For the perpetual put, on the dual market, the critical level is given by
as follows from Theorem 2 in [25] . We express this quantity in the risk neutral market:
Here we used the change of probability measure from the dual martingale measure, and, in the last line, a fluctuation identity (Section VI.2 in Bertoin (1996)). Now, applying the Wiener-Hopf equation due to Rogozin (1966) , we have
because r − ψ(1) = δ. This concludes the proof.
Dual Markets
The Duality Lemma motivates us to introduce the following market model. Given a Lévy market with driving process characterized by ψ in (3), consider a market model with two assets, a deterministic savings accountB = {B t } t≥0 , given byB
and a stockS = {S t } t≥0 , modelled bỹ
is a Lévy process with characteristic exponent under Q given byψ in (15) . The processS t represents the price of KS 0 dollars measured in units of stock S. This market is the auxiliary market in Detemple (2001), and we call it dual market; accordingly, we call Put-Call duality the relation (14) . It must be noticed that Peskir and Shiryaev (2001) propose the same denomination for a different relation in [26] . Finally, observe that in the dual market (i.e. with respect toQ) the process {e −(δ−r)tS t } is a martingale. As a consequence, we obtain the Put-Call symmetry in the Black-ScholesMerton model: In this case Π = 0, we have no jumps, and the characteristic exponents are
and relation (14) is the result known as put-call symmetry. In the presence of jumps like the jump-diffusion model of Merton (1976) , if the jump returns of S under Q andS underQ have the same distribution, the Duality Lemma implies that by exchanging the roles of δ by r and K by S 0 in (14) and (16), we can obtain an American call price formula from the American put price formula. Motivated by this analysis we introduce the definition of symmetric markets in the following section.
Market Symmetry
It is interesting to note that in a market with no jumps (i.e. in the BlackScholes model), the distribution of the discounted and reinvested stock both in the given risk neutral and in the dual Lévy market, taking equal initial values, coincide. It is then natural to define a Lévy market to be symmetric when this relation holds, i.e. when L e
meaning equality in law. In view of (16), and due to the fact that the characteristic triplet determines the law of a Lévy processes, we obtain that a necessary and sufficient condition for (24) to hold is
This ensuresΠ = Π, and from this follows a − (r − δ) =ã − (δ − r), giving (24), as we always haveσ = σ. Condition (25) answers a question raised by Carr and Chesney (1996) , see [5] .
Diffusions with jumps
Consider the jump -diffusion model proposed by Merton (1976) in [24] . The driving Lévy process in this model has Lévy measure given by
it is easy to verify that condition (25) holds if and only if 2µ + δ 2 = 0. This result was obtained by Bates (1997) in [1] for future options, that result is obtained as a particular case, if we replace the future price as being the underlying asset, when r = δ.
Bates's x%-Rule
If r = δ we can take the future price F as the underlying asset in Corollary (2.1). Then, we can obtain the Bate's x% rule in a more general Lévy market.
Corollary 3.1. Assume (25) holds (or in the particular case (31) , assume
where K c = xF and K p = F/x, with x > 0.
From here, calls and puts at-the-money should have the same price. That is, if the call and put options have strike prices x% out-of-the money relative to the future price, then the call should be priced x% higher than the put.
Remark 3.1 (Implied volatility). Any model satisfying (25) must have identical Black-Scholes implicit volatilities for calls and puts with strikes
, where x > 0 is arbitrary. That is, the volatility smile curve is symmetric in the moneyness ln(K/F ). Remember that prices satisfy (26) and by put-call parity, European calls and puts with same strike and maturity must have identical implicit volatilities.
Asymmetry in Lévy markets
Our intention is to review several concrete models proposed in the literature. We restrict ourselves to Lévy markets with jump measures of the form
where Π 0 (dy) is a symmetric measure, i.e. Π 0 (dy) = Π 0 (−dy), everything with respect to the risk neutral measure Q. As a consequence of (25), we obtain that the market is symmetric if and only if β = −1/2. In view of this, we propose to measure the asymmetry in the market through the parameter β + 1/2. When β + 1/2 = 0, we have a symmetric market. Our proposal is similar, in certain sense, to the skewness premium introduced by Bates (1997) in [1] . That is, when the market is symmetric, the skewness premium is obtained using the x%−rule. The idea is to describe numerically the departure from the symmetry, the main difference with Bates (1997) is that the parameter β is a property of the market, independent of the derivative asset considered.
Although from a theoretical point of view the assumption (27) is a real restriction, most models in practice share this property, and furthermore, they have a jump measure that has a Radon-Nikodym density. In this case, we have More precisely, many parametric models that we found in the literature, in what concerns Lévy markets, including diffusions with jumps, can be reparametrized in the form (28) . As we will see, empirical risk-neutral markets are not symmetric, and in view of (28), we propose to model the asymmetry of the market through the parameter β + 1/2. Before considering concrete examples, we review the Esscher transform.
Esscher transform and asymmetry
We now review some notation and useful facts. All the developments up to now where with respect to the risk neutral martingale measure Q. Now we consider that there is an historical probability measure P and that Q is the consequence of an Esscher transform. It is clear that this is one between several possibilities, and we refer to Chan (1999) and Shiryaev (1999) for a discussion on this topic. In consequence, when necessary, we add a subscript P to refer to parameters under the historical probability measure P, i.e. ψ P , Π P , and even sometimes we use the subscript Q to distinguish risk neutral parameters. As we said, the link between P and Q is given by the Esscher transform, and this is stated through the change of measure
where θ is a parameter to be determined. From (29) follows that
as we require that the discounted and reinvested stock is a martingale under Q, i.e. {e
−(r−δ)t
S t } is a Q-martingale, we obtain that
and this determines θ. It is relevant for us, that from (30) follows
(See Theorem VII.3.2 in Shiryaev (1999).) If we combine this result with our model assumption (27) we conclude that
meaning that the form of the jump measure under P is
that is, the same form with a translated parameter. We conclude, that under the Esscher transform, our model assumption (27) is equivalent to the assumption (31) , and that the relation between the symmetry parameters is
The Generalized Hyperbolic Model
This model has been proposed by Eberlein and Prause (2002) , these distributions allow for a more realistic description of asset returns (see [13] and [11] ). This model, under P, has σ = 0, and a Lévy measure given by (31) , with
where α, β P , λ, δ are the historical parameters that satisfy the conditions 0 ≤ |β P | < α, and δ > 0; and J λ , Y λ are the Bessel functions of the first and second kind (for details see [13] 
The Meixner Model
The Meixner process was proposed to model financial data by Grigelionis (1999) in [19] and by Schoutens (2002) in [30] . The Lévy process derived from this distribution has, under P, the following Lévy measure: Using daily returns from various index, Schoutens in [29] found parameters estimatesâ andb for the period 1/1/1997 to 31/12/1999. We summarize these results and the corresponding parameter β Q =b/â + θ in Table 1 . where the risk neutral measure used is the measure obtained from the observed option market prices.
Market Risk Neutral Measure
The CGMY model
This Lévy market model, proposed by Carr et al. (2002) in [7] is characterized by σ = 0 and Lévy measure given by (31) , where the function p(y) is given by
The parameters satisfy C > 0, Y < 2, and G = α + β ≥ 0, M = α − β ≥ 0, where C, G, M, Y are the parameters used in [7] .
For studying the presence of a pure diffusion component in the model, condition σ = 0 is relaxed, and risk neutral distribution is estimated in a five parameters model. Values of β = (G − M )/2 are given for different assets in Table 3 in [7] , and in the general situation, the parameter β is negative, and less than −1/2. The condition needed in this case for the market to be symmetric is G = M −1. It is worth noting that the finite moment log-stable (LS) model of Carr and Wu (2003) can be regarded as a limit case of the CGMY model with G = 0 (no exponential factor) and M = ∞ (no positive jumps). This market model is not symmetric.
This suggest the use of the risk neutral asymmetry parameter β, obtained from prices as a test to know whether the popular Esscher transform used in Lévy models is correct.
Conclusions
Departing from duality, a relation between call and put prices, obtained through a change of numeraire, and corresponding to a change of probability measure in a Lévy market model under a given risk neutral probability measure, the main contribution of this paper is the characterization of symmetry in these market models, a notion that is also introduced. Symmetric markets have symmetric volatilities smile curves in the log of the ratio strike/futures prices. This characterization allows to introduce a parameter in the risk neutral model that, in certain sense, measures the asymmetry of a Lévy market model. We also find the expression of this asymmetry parameter in the historical market model, assuming that we rely in the Esscher transform to obtain the given risk neutral measure. We analyze popular models used in the literature, concluding that, in general, markets are not symmetric. Further research is (i) a more detailed empirical investigation of the asymmetry parameter in several models, (ii) the study of the relation between call and put option prices depending on this parameter, and finally, (iii) a conclusion about the opportunity of using Esscher transform, as it induces certain asymmetry relation that can be different from the one observed in option prices.
